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Abstract
A connected even [2, 2s]-factor of a graph G is a connected factor with all vertices of degree i (i = 2, 4, . . . , 2s), where s1 is an
integer. In this paper, we show that every supereulerian K1,s -free graph (s2) contains a connected even [2, 2s − 2]-factor, hereby
generalizing the result that every 4-connected claw-free graph has a connected [2, 4]-factor by Broersma, Kriesell and Ryjacek.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
We will consider the class of undirected ﬁnite graphs without loops or multiple edges, and use [1] for terminology
and notation not deﬁned here. Let G be a graph. We denote by (G) the maximum degree of G. For a vertex v of G,
the neighborhood of v is the set of all vertices that are adjacent to v and will be denoted by N(v). For a subgraph H of
a graph G and a subset S of V (G), we denote by G−H and G[S] the induced subgraphs of G by V (G)−V (H) and S,
respectively. We denote by NH(S) the set of all vertices of H adjacent to some vertex of S, and let N(S)=⋃x∈S N(x)
and dH (S) = |NH(S)|. A subgraph H of G is dominating if G − V (H) is edgeless. A Hamiltonian cycle in a graph is
a walk which passes through every vertex exactly once and returns to the starting vertex. A graph is called claw-free if
it does not contain a copy of K1,3 as an induced subgraph. Matthews and Sumner [6] made the following conjecture in
the class of claw-free graphs.
Conjecture 1 (Matthews and Sumner [6]). Every 4-connected claw-free graph is Hamiltonian.
Broersma et al. [2] proved the following results. Note that Kaiser et al. [5] obtained a positive result for the special
case of Conjecture 1.
Theorem 2 (Broersma et al. [2]). Every 4-connected claw-free graph has a connected [2, 4]-factor.
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A graph is called K1,s-free if it does not contain a copy of K1,s as an induced subgraph. A connected factor of a
graph G is a spanning subgraph H of G and H is connected.A connected even [2, 2s]-factor of a graph G is a connected
factor with all vertices of degree i (i = 2, 4, . . . , 2s), where s1 is an integer. In particular, a connected even factor
with all vertices of degree 2 or 4 is called a connected [2, 4]-factor. Note that a Hamiltonian cycle is a connected even
[2, 2]-factor. A trail is a sequence u0e1u1e2 . . . erur with alternative vertices and edges and with no repeated edges and
ei = ui−1ui (1 ir). A graph G is supereulerian if G has a spanning closed trail (not necessarily containing every
edge). In this paper, we generalize Theorem 2 and show the following result.
Theorem 3. Every supereulerian claw-free graph contains a connected [2, 4]-factor.
Theorem 3 can further be generalized as follows. The proof of Theorem 4 appears in Section 2.
Theorem 4. Every supereulerian K1,k-free (k2) graph contains a connected even [2, 2k − 2]-factor.
Every 4-edge-connected graph is supereulerian [4], thus we have the following corollary from Theorem 3.
Theorem 5. Every 4-edge-connected claw-free graph contains a connected [2, 4]-factor.
Since 4-connectivity implies 4-edge-connectivity, Theorem 5 and so Theorem 3 are the generalization of
Theorem 2.A graph G is Eulerian if G is connected and every vertex of G is of even degree.A graph G is semi-Eulerian
if G is connected and the union of Eulerian subgraphs F1, . . . , Fk plus joining-edges among these Eulerian subgraphs
F1, . . . , Fk , where k1 is an integer and |V (Fi)|2 for i = 1, 2, . . . , k. That is, G = (⋃ki=1Fi) + {e = vivj : vi ∈ Fi
and vj ∈ Fj }. If k = 1, then a semi-Eulerian graph is Eulerian. A semi-Eulerian subgraph H of a graph G is dominating
if H is connected and G − V (H) is edgeless. It is easy to prove the fact that the line graph L(G) of a graph G has a
connected [2, 4]-factor if and only if G has a dominating semi-Euleriansubgraph.
Now, we give a similar example to that of [3] to show that Theorem 5 is best possible in terms of edge-connectivity.
Let PTS denote the Petersen graph and SPTS denote the graph obtained from PTS by replacing each vertex of PTS
with a clique of order at least 4 and replacing each edge of PTS by a path of length 2. Then the line graph L(SPTS) of
SPTS is 3-edge-connected and claw-free. SPTS contains no dominating semi-Eulerian subgraphs. It is easy to see that
L(SPTS) contains no connected [2, 4]-factor. For more detail, please see [7].
2. Proof of Theorem 4
In this section, our aim is to prove our result. Note that Theorems 3 and 5 are two special cases of Theorem 4, so we
only provide the proof of Theorem 4 in the following.
Proof of Theorem 4. LetG be a supereulerianK1,k-free graph (where k2 is an integer). ThenG contains a connected
even factor F with maximum degree (F ). Let n(G,F,) be the number of vertices in F with maximum degree (F ).
Without loss of generality assume that F contains minimal value of n(G,F,) among connected even factors. Next,
we will prove that (F )2k− 2, i.e., F is a connected even [2, 2k− 2]-factor. Suppose, otherwise, (F )2k4. Let
w be a vertex of degree dF (w) = (F ). Then there are at least k edge-disjoint cycles C1, C2, . . . , Ck with a common
vertex w such that
⋃k
i=1Ci ⊆ F , since F is an even factor. Let U = {u1, v1, u2, v2, . . . , uk, vk} ⊆ NF (w) such that{wui,wvi} ⊆ E(Ci) for each i (1 ik). Then we have the following two facts.
Claim 1. If xixj ∈ E(G) for xi ∈ {ui, vi} andxj ∈ {uj , vj }, then xixj ∈ E(F) and {xixj , xjw,wxi} is an edge cut
set of F, and exactly one of {xixj , xjw} and {xixj , xiw} is an edge cut set of F.
Proof. Assume that xixj ∈ E(G) for a pair of vertices xi ∈ {ui, vi} and xj ∈ {uj , vj }. If xixj /∈E(F), then deleting
wxi,wxj from F and adding xixj into F, we obtain a new connected even factor F ′ with n(G,F ′,)=n(G,F,)−1,
a contradiction. Thus xixj ∈ E(F).
By the choice of xi and xj , we have that xi = xj . We have that {xixj , xiw, xjw} is an edge cut set of F since
otherwise F ′ =F −{wxi, xixj , xjw} is a connected even factor with n(G,F ′,)=n(G,F,)−1 (since every vertex
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in F ′ has a even degree). Since both xi and w are in Ci and both xj and w are in Cj and F − {wxi, xixj , xjw} is not
connected, exactly one (say xi) of xi and xj is in the same component of F − {wxi, xixj , xjw} as w. It follows that xi
is in both cycles Ci and Cj . Thus {xixj , xjw} is an edge cut set of F but {xjxi, xiw} is not an edge cut set of F. This
completes the proof of Claim 1. 
Claim 2. For any n(k) edge-disjoint cycles D1,D2, . . . , Dn with
⋃n
i=1Di ⊆ F and w ∈
⋂n
i=1V (Di), there is a
vertex set X of n vertices x1, x2, . . . , xn in NF (w) ∩ (⋃ni=1V (Di)) such that E(G[X]) = ∅.
Proof. We use inductive method on n to prove it. Without loss of generality, we assume that Di = Ci . It is easy to see
that {ui, vi} is contained in V (Di) ∩ NF (w). Assume that n = 2. If y1y2 /∈E(G) for any pair of vertices y1 ∈ {u1, v1}
and y2 ∈ {u2, v2}, then X = {x1, x2} with x1 = y1 and x2 = y2, is a vertex set with E(G[X]) = ∅, as we require.
Thus there is a pair of vertices y1 ∈ {u1, v1} and y2 ∈ {u2, v2} such thaty1y2 ∈ E(G). By Claim 1, y1y2 ∈ E(F) and
{y1y2, y2w,wy1} is an edge cut set of F. Again by Claim 1, we can assume, without loss of generality, that {y1y2, y1w}
is an edge cut set of F. It follows that y1t /∈E(G) for any t ∈ U\{y1, y2} since otherwise F −{y1y2, y1w} is connected,
a contradiction. The vertex set X={x1, x2} with x1 = y1 and x2 ∈ U\{y1, y2} satisﬁes E(G[X])=∅. This implies that
Claim 2 holds for n = 2.
Now, assume that there is a vertex set X1 in NF (w) ∩ (⋃n−1i=1 V (Di)) with E(G[X1]) = ∅ for any n − 1 edge-
disjoint cycles D1,D2, . . . , Dn−1 such that ⋃n−1i=1 Di ⊆ F and w ∈ ⋂n−1i=1 Di . We next prove the case that there are
n edge-disjoint cycles C1, C2, . . . , Cn such that ⋃ni=1Ci ⊆ F and w ∈ ⋂ i = 1nDi . If yiyj /∈E(G) for any pair of
vertices yi ∈ {ui, vi} and yj ∈ {uj , vj }, then every vertex set X = {x1, x2, . . . , xn} in U with xi ∈ {ui, vi} satisﬁes
E(G[X])=∅, so we are done. Thus there exists a pair of vertices yi ∈ {ui, vi} and yj ∈ {uj , vj } (say yi=u1 andyj =u2)
such that yiyj ∈ E(G). Then, by Claim 1, yiyj ∈ E(F), and {u1u2, u2w,wu1} is an edge cut set of F. Again by
Claim 1, we can assume, without loss of generality, that {u1u2, u1w} is an edge cut set of F, and the component F ′ of
F − {u1u2, u1w} contains the vertex u1 but not the vertex w. Then u1v2, u1v1, u1vi, u1ui /∈E(G) (i = 3, . . . , n) since
otherwise F − {u1u2, u1w} is connected, a contradiction.
LetC′1=u2u1wu2 andC′2=G[(E(C1)∪E(C2))\[E(C′1)]−E(F ′)].Note thatC′2, C3, . . . , Cn are n−1 edge-disjoint
cycles such that C′2 ∪ (
⋃n
i=3Ci) ⊆ F and w ∈ C′2 ∩ (
⋂n
i=3Ci). By the inductive hypothesis, we can choose a vertex
set X1 in
NF (w) ∩
(
V (C′2) ∪
(
n⋃
i=3
V (Ci)
))
⊆ U\{u1, u2}
with E(G[X1]) = ∅. Assume that x1 = u1 and X = X1 ∪ {x1}, then X is a vertex set of U with E(G[X]) = ∅ since
E(G[X1]) = ∅ and u1v2, u1v1, u1vi, u1ui /∈E(G) (i = 3, . . . , n). By induction principles, Claim 2 holds. 
By Claim 2, there is a set of k vertices X ⊆ U , such that the induced subgraph G[X ∪ {w}]K1,k in G which
contradicts the assumption of Theorem 4. This completes the proof of Theorem 4. 
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